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Continuum transport model of Ogston
sieving in patterned nanofilter arrays for
separation of rod-like biomolecules

This article proposes a simple computational transport model of rod-like short dsDNA
molecules through a microfabricated nanofilter array. Using a nanochannel consisting
of alternate deep wells and shallow slits, it is demonstrated that the complex parti-
tioning of rod-like DNA molecules of different sizes over the nanofilter array can be
well described by continuum transport theory with the orientational entropy and ani-
sotropic transport parameters properly quantified. In this model, orientational
entropy of the rod-like DNA is calculated from the equilibrium distribution of rigid
cylindrical rod near the solid wall. The flux caused by entropic differences is derived
from the interaction between the DNA rods and the solid channel wall during rota-
tional diffusion. In addition to its role as an entropic barrier, the confinement of the
DNA in the shallow channels also induces large changes in the effective electropho-
retic mobility for longer molecules in the presence of EOF. In addition to the parti-
tioning/selectivity of DNA molecules by the nanofilter, this model can also be used to
estimate the dispersion of separated peaks. It allows for fast optimization of nano-
filter separation devices, without the need of stochastic modeling techniques that are
usually required.
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1 Introduction

The electrophoretic migration of polyelectrolyte in polymeric
gels forms the foundation of gel separation of biomolecules
such as DNA, RNA, and proteins [1]. According to the Ogston–
Morris–Rodbard–Chrambach (OMRC) model [2–4], the gel
electrophoretic mobility of biomolecules is determined by the
characteristic size of the random porous network and that of

molecules in solution. It is found that OMRC model is applica-
ble to the cases of small molecule electrophoresis with low elec-
trical fields and low gel concentrations. For more complicated
cases, more sophisticated models and extensive calculations are
required [5]. Although a large number of modifications have
been suggested for OMRC model trying to address the problem
of hindered transport of biomolecules with arbitrary shapes
through porous gels, the interpretation of experimental data for
even simple, rod-like cylindrical molecules is still far from
satisfactory [6]. It has been realized that, in addition to the char-
acteristic sizes of the molecule and the gel pore, comprehensive
interpretation of experimental data for systems involving ani-
sotropic solutes requires information about entropic barrier that
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originates from reduction of the orientational freedom of
polyelectrolytes in small pores of polymeric gels [7]. The cou-
pled effects of anisotropy of solutes and irregularity in geom-
etry of random pores of the polymeric gel make the analysis
of fractionation outcome complicated. To achieve better
understanding of the sieving process involved in gel electro-
phoresis, quantitative characterization on a well-characterized
model system is desirable. Patterned periodic regular sieving
structures are found to be ideal for the study of molecular
dynamics and electromigration of polyelectrolytes because the
dimension of obstacles and channels can be precisely meas-
ured and controlled [8, 9]. Han and his group have used an
array of microfabricated filtration device with regions of two
different depths to study the migration of long DNA [10, 11],
rod-like short DNA [12, 13], and small proteins [14]. For typi-
cal nanofilter array (used for Ogston sieving of small biomo-
lecules) as shown in Fig. 1, the depths of the wells are in the
scale of 1 mm while those of the slits are less than 100 nm. As
the effective sizes of the migrating molecules (rod length of
the short DNA) are in the same order or larger than the depth
of the slits (nanofilter gap size), the entry into the restricted
nanofilter slits requires the DNA molecules to be positioned
and oriented properly without interfering with the nanofilter
wall. This steric constraint forms an orientational entropy
barrier for the transport of DNA and plays a major role in the
electrophoretic separation of DNAs over such repeated nano-
filter arrays. Theoretical size selectivity of such nanochannels
has been addressed empirically based on experimental obser-
vations and the basic equilibrium models [12]. However, opti-
mization of the nanofilter separation system would require an
efficient computational model that can estimate the perfor-
mance of different device structures in terms of both separa-
tion selectivity (partitioning) and dispersion. Simulations of
the same system, based on dissipative particle dynamics [15,
16] and Brownian dynamics [17], have recently been reported.
However, these types of stochastic modeling techniques tend
to be computationally expensive. Also, these simulations often
track only a single molecule in the nanochannel system, and
therefore are not well suited for modeling the peak dispersion
behavior, which is another important figure of merit of the
nanofilter separation systems.

In this article we report a simulation study of the elec-
trophoretic separation of rod-like dsDNA molecules in the
patterned nanofilter arrays based on continuum transport
theory. Unlike previous simulations, this continuum theory
provides a platform to fully describe sieving, diffusion, and
convection of a band of biomolecules passing through a
repeated array of nanofilters. In this theory, the degree of
freedom in a DNA’s orientations is projected into an
orientational entropy term, using statistical theory for the
equilibrium distribution of rigid cylindrical molecules near
solid channel walls. Stochastic interaction of the DNA rod
with the wall has been averaged and captured into a single
entropy-driven transport term in the master flux equation.
In addition, the effects of the spatial confinement of
nanochannel to the DNA’s mobility and translational dif-

Figure 1. The nanofilter for separation of rod-like rigid DNA
molecules. Each unit cell consists of a deep well and a shallow
slit. The repeat length lr is the sum of length of the shallow slit ls
and that of the well ld. The slit depth ds is normally comparable to
the length of the migrating molecules L, while the depth of deep
well, dd is larger than L. The configurational restriction in the
shallow slits forms an entropy barrier that varies with the length
of molecules. In addition, anisotropic distribution of configura-
tions results in changes in diffusion coefficient and electropho-
retic mobility when a DNA is located in a confined space of the
nanochannel. As a result, DNA molecules of different lengths are
trapped for different time durations when an external electric
field E is applied to drive the migration of these DNA molecules.

fusion coefficient are quantified using statistical theory for
the equilibrium distribution. Numerical analysis is per-
formed using a model nanofilter array consisting of 20 re-
peats of unit cells. From the translation and broadening of
peaks over these repeats, the results of separation of the DNA
molecules passing through the full-length channel (consist-
ing of 104 repeats) are calculated. It will be shown that the
entropic barrier effect, combined with the modified aniso-
tropic transport parameters in the confined nanofilter space,
accounts for the fractionation of the DNA molecules of dif-
ferent sizes.

2 Methods

2.1 Transport theory of the rod-like DNA

The electrophoretic transport of rod-like DNA molecules over
nanofilter array is formulated as the migration of charged
Brownian particles in a viscous fluid driven by a static external
electric field. The concentration of DNA molecules is
assumed to be dilute enough so that the intermolecular inter-
actions between DNA molecules can be ignored. It is also
assumed that the external electric field is not affected by the
presence of DNA molecules and other ions.

As shown in Fig. 2a, a DNA rod has both translational
and orientational degrees of freedom. If we assume that the
rotational Brownian motion of a DNA molecule is much
faster than electric field driven translation, so that there
exists a state of local orientational equilibrium for a DNA rod
with its center located at any point in the nanochannel, the
orientational degrees of freedom of the DNA rod can be
eliminated by averaging of the orientation-dependent quan-
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Figure 2. (a) The position and orientation of a DNA rod. Axes Oxyz
represent a global system. Vector r denotes the position of center of
theDNA.Vector¨ = (y,f) represents theunitvector ()O0A) = 1) locked
into the DNA rod ()O0B) = L/2) and lies along the rod’s long axis. The
surface of the unit sphere is represented by S, corresponding to all
the possible orientations of the rod. (b) Permissible and forbidden
orientations of the DNA rod near a solid wall. The surface repre-
sented by S0corresponds to permissible orientations while the oth-
ers (S 2 S0) shown by dashed curves are forbidden. (c) When one
end of a DNA rod (D) hits the wall at rotational velocity ( _a, shown by
the thick arrow) during rotational Brownian motion, that end stops
instantaneously as its motion is hindered in all directions while
other portions of the rod retain their original rotational velocities
owing to the sustained random thermal fluctuations of the sur-
rounding fluid molecules (shown by the irregular thin arrows).

tities with their Boltzmann probabilities. The validity of this
assumption is guaranteed by the high rotational diffusion
coefficients of short rod-like DNAs. At room temperature, the
rotational diffusion coefficients (Dr) for 50, 150, and 300 base
pairs (bp) DNA molecules are in the order of 104,106 rad2/s.
In a typical traveling time (0.05 – 0.1 s) through one 1.0 mm
repeat under electric field strengths in our experiments,
angular variances s2

a ¼ 4Drt are estimated as 103,106 rad2.
As the recognizable rotation angle lies in the range 0 � p=2, a
DNA molecule is able to sample all accessible orientations
many times. Hence a state of local rotational equilibrium
exits. In addition, the effect of nonuniform electric field lines
on the angular distribution of the DNA molecule under the
electric field strengths we studied is found negligible com-

pared with that of rotational Brownian motion. Therefore, the
orientational distribution of a DNA rod is approximately uni-
form in free solution. Consequently, electric field driven
migration of DNA rods can be modeled as the transport of
point-sized charged particles in the aqueous solutions.

Let C � C(r,t) denote the concentration of DNA mole-
cules at a point r = (x, y, z) at time t, a unified electrochemical
potential m � m(r,t) can be defined as [18]

m ¼ m0 þ RT ln C þ qF� TS (1)

Here m0, R, T, q, and F � F(r) denote the reference stand-
ard-state potential, the gas constant, the absolute tempera-
ture, the effective charge of the DNA, and the external elec-
tric filed potential, respectively. Scalar field function S � S(r)
is the orientational entropy of the rigid DNA rod which cap-
tures the stochastic distribution of its orientations in the
presence of solid channel walls. The spatial gradient of this
unified potential =m constitutes a driving force that generates
a flux of the DNA in the solvent. According to Eq. (1), =m
consists of forces from three independent factors, namely
thermal diffusion, electric force, and entropic gradient,
respectively. Consequently, the fluxes induced from these
forces are the sum of their respective contributions, that is

J ¼ �ðDdrC þUeCrF�USCTrSÞ (2)

where Dd � Dd(r) and Ue � Ue(r) are the tensors of diffusion
coefficient (in unit of cm2/s) and electrophoretic mobility (in
m?s21?V21), respectively. The scalar US, which we refer to as
entropic mobility in this article, represents the mobility asso-
ciated with the gradient of orientational entropy (an entropic
force). This mobility captures the stochastic interactions of a
DNA with the solid wall. It has a unit of m?s21?mol21?N21

and equals to the velocity of the DNA obtained if 1 N of force is
applied to 1 mol of DNA molecules. The evolution of the con-
centration of DNA is governed by the mass conservation law

qC
qt
¼ �r � J (3)

This article simulates the electrophoretic transport of the
rod-like DNAs by solution of master Eqs. (2) and (3) with no-
flux boundary conditions.

2.2 Translational diffusion coefficient and the

electrophoretic mobility of a DNA near a solid wall

A DNA rod has two different translational hydrodynamic fric-
tion coefficients, denoted by zd

k and zd
?, respectively, for the

motion parallel and perpendicular to its long axis under thermal
fluctuation, gravity, and other nonelectrostatic forces [19–21]. As
a result, the translational diffusion coefficient is orientation de-
pendent. When a DNA is oriented at ¨ = (y,f) as shown in
Fig. 2a, its translational diffusion coefficient is given by tensors
[19]
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Dd(¨) ¼ Dd
k¨¨ þDd

?ðI�¨¨) (4)

where Dd
k ¼ kBT=zd

k and Dd
? ¼ kBT=zd

? are the coefficients of
the rod for translational diffusion parallel and perpendicular
to the rod’s axis, respectively; I = ixix 1 iyiy 1 iziz denotes the
physical space identity tensor; kB is the Boltzmann constant.

Similarly, the orientation-dependent electrophoretic mo-
bility is given by

Ue(¨) ¼ Ue
k¨¨ þUe

?ðI�¨¨) (5)

where Ue
k ¼ q=ze

k and Ue
? ¼ q=ze

? are the coefficients of the
rod for electric-driven motion parallel and perpendicular to
the rod’s axis, respectively. Here translational hydrodynamic
friction coefficients for electric-driven motion, ze

k and ze
?, are

not necessarily equal to their corresponding values for diffu-
sion, zd

k and zd
?, respectively. The reason is that these two are

different physical phenomena [22, 23]. When a DNA is dif-
fusing or moving due to nonelectrostatic forces, its sur-
rounding counterions will move with it, while in the electric
field, the counterions will be driven by the electric field to
move in the opposite direction.

At the rotational equilibrium state, the mean transla-
tional diffusion coefficient and the mean electrophoretic
mobility at position r are given by

DdðrÞ ¼
Z Z

S
p(¨|r)Dd(¨)d2¨ (6)

and

UdðrÞ ¼
Z Z

S
p(¨|r)Ud(¨)d2¨ (7)

respectively, where p(¨|r) denotes the probability that the rod
is orientated at ¨ when its center is located at point r;
d2¨ = sinydydf is the areal element on the surface of the
unit sphere S = {0 � y,p; 0 � f,2p}. These position-spe-
cific Dd(r)and Ue(r) serve as the respective transport parame-
ters in the expressions of flux given by Eq. (2).

When the DNA lies in the bulk solution, or when it is
located such that there is no intersection between the rod
and the wall at any orientation, all its orientations are
accessible at an equal probability of p(¨|r) = (4p)21. In this
circumstance, the mean diffusion coefficient and the mean
electrophoretic mobility are isotropic [19]. The tensors �Dd

and �U
e are given by �D

d ¼ I�Dd and �U
e ¼ I�Ue, where, the

scalars

�Dd ¼
ðDd
k þ 2Dd

?Þ
3

(8)

and

�Ue ¼
ðUe
k þ 2Ue

?Þ
3

(9)

correspond to the diffusion coefficient and the free-solu-
tion electrophoretic mobility that are obtained experi-
mentally [1, 23–30]. Equations (8) and (9) enable us to
estimate the values of Dd

k , Dd
?, Ue

k, and Ue
? from �Dd and

�Ue directly using the established relationships Dd
k � 2Dd

?
[21, 31] and Ue

k � 2Ue
? [25, 32]. To determine Dd

k , Dd
?, Ue

k,
and Ue

? using the excremental data relieves us from the
complicated task of determining the hydrodynamic coef-
ficients and effective charges for the DNA molecules [23,
24, 33, 34].

It should be noted that while the relationship of
Dd
k � 2Dd

? is well established [21, 31], the relationship be-
tween the Ue

k and Ue
? is not so simple. It has been shown

that Ue
? is dependent on kDa (kD is the Debye–Hückel pa-

rameter and a is the radius of the DNA) in contrast toUe
k,

which is kDa-independent [32]. In the low kDa regime, the
Debye length kD

21 is comparable or larger than the width of
the DNA (a), so that hydrodynamic drag to the surrounding
fluid occurs just as in the nonelectrophoresis case. In this
circumstance, the dynamics of the rod is dominated by the
simple hydrodynamic interactions, i.e., Ue

k � 2Ue
?. However,

when kDa becomes large, there will not be any difference Ue
k

and Ue
? because the Debye screening effect takes the domi-

nant role. Under our experimental conditions, kDa < 1, the
relationship Ue

k � 2Ue
? holds approximately.

When a DNA rod is located in a confined space as shown
in Fig. 2b, some of its orientations are forbidden due to the
presence of solid channel walls. The ratio of the number of
permissible orientations to the total number of orientations is

rðrÞ ¼
Z Z

S0
ð4pÞ

�1

d2 ¨ (10)

with S0 representing the domain corresponding to permis-
sible orientations on the surface of the unit sphere centered
at r. The probability of the orientation is then given by

¨rð¨jrÞ ¼ ½4pRðrÞ��1 if orientation Y is permissible at r
0 otherwise

�
(11)

Substituting Eqs. (4), (5), (10), and (11) to Eqs. (6) and (7) and
integrating these two equations yield the position specific
diffusion coefficient Dd(r) and the electrophoretic mobility
Ue(r) required by Eq. (2).

2.3 Orientational entropy and entropic mobility of

the rod-like DNA

According to the statistical mechanics theory, orientational
entropy of a rigid molecule is generally defined as
S(r) = kBlnO(r), where O(r) is the accessible microscopic
orientation state integrals at point r [35]. For the rod-like rigid
DNA molecules specifically, the orientational entropy of
interest can be rather simply expressed by S(r) = kBlnk(r),
where k(r) is the local partition function (defined as the ratio
of number of accessible microscopic configurations at r near
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the solid wall to those in the bulk liquid) [35]. As this k(r) is
exactly the ratio r(r) given by Eq. (10), the entropy is given by

SðrÞ ¼ kB lnrðrÞ (12)

Based on this formulation, a DNA molecule acquires max-
imum entropy of value 0 when it is located in the bulk solu-
tion. As the DNA is located close to a solid wall, a portion of
its orientational space is not accessible and therefore the
orientational entropy decreases to a negative value. A nega-
tive entropy causes no problem here as only the gradient of
entropy enters the expression of the flux in Eq. (2).

Another important parameter is the mobility associated
with the entropic force. By definition, US corresponds to the
velocity of a rigid DNA obtained if 1 N of “entropic force” is
applied to 1 mol of DNA molecules. Although this quantity
is not available through experimental observation, we can
derive it based on some qualitative assumptions.

The entropic force in this article is originated from the
reactive force that the solid wall applies to a rigid rod when
this rod hits the solid wall through rotational motion starting
from a permissible orientation. As the energy of thermal
fluctuation in each dimension is kBT/2 for both rotational
and translational diffusions, we derive the expression of US

through the comparison between the speeds of the motion at
the center of a rod caused by these two types of diffusions.

The free-solution diffusion coefficient and the rotational
diffusion coefficient of the short rod-like DNA molecules are
given by [27]

Dd ¼ kBT
3pZ0L

ln
L
d

� �
þ n

� �
(13)

and

Dr ¼ 3kBT
pZ0L3 ln

L
d

� �
þ d

� �
(14)

respectively, where Z0 is the viscosity of the solvent, L and d
are the length (given by Kratky-Porod model [36, 37]) and di-
ameter of the DNA rod (<2 nm), respectively. The parame-
ters v and d represent the correction terms as the end effect
for DNA rods. Neglecting the end effect terms d and v in Eqs.
(13) and (14), the relationship between �Dd and Dr is
Dr ¼ 9�Dd=L2. Within a typical time duration t, the 1-D aver-
age diffusion angle of the DNA rod in bulk solution
is5a4 ¼ ð2DrtÞ1=2, corresponding to an effective angular
velocity 5 _a4 ¼ ð2Dr=tÞ1=2 [21].

When one end of a DNA molecule hits the solid wall dur-
ing rotation, it is assumed that the tip of this end stops
instantaneously and the other portions of the rod rotate at the
same speed as that before hitting (Fig. 2c). This assumption is
based on the nature of the near-wall thermal diffusions of
nanoparticles [38]. The amplitudes of the thermal fluctuations
of solid particles and the surrounding fluids decrease when
they approach the wall. The particles or the portions of an ob-

ject that are further from the solid wall are subjected to a
higher degree of thermal motion, while motions of those on
the solid surface are hindered. As shown in Fig. 2c, at the
moment when one end of the DNA (end D) hits the wall at a
rotational velocity, the motion of end D is hindered in xy-plane
by stationary fluid (no-slip boundary condition), 2z-direction
by solid wall. The motion in 1z-direction is also not possible
at this moment because of the momentum of the whole rod.
Therefore, we assume D is fixed instantaneously. As long as
the thermal fluctuations of surrounding fluids are not affect-
ed by the event that the DNA hits the wall, the fluids will con-
tinue to push the other portions of the rod to rotate at its ori-
ginal velocity _a and induces a translational motion for the
center of the DNA. Consequently the translational velocity at
the center of the rod is5_rr4 ¼5 _a4L=2, which can be fur-
ther expressed as5_rr4 ¼ ð9�Dd=2tÞ1=2.

From the translational diffusion point of view, during the
same time duration of t, the 1-D average translational diffu-
sion speed is5_rt4 ¼ ð2�Dd=tÞ1=2. Comparing the velocity of
the center of the rod caused by hindered rotational diffusion
and that induced by translational diffusion, we can find the
relationship of5_rr4 ¼ 95_rt4=4. This relationship tells us
that the speed caused by the rotational diffusion near the
solid wall (entropic force) is 9/4 times that of the transla-
tional diffusion. Therefore, we have

US ¼ 9Ud=4 (15)

where Ud ¼ �Dd=RT is the mobility of DNA rods in transla-
tional diffusion.

2.4 Effect of the EOF

The finite charge of the solid channel wall leads to the EOF of
the solution [39, 40]. As the surface properties of the solid
channel and the depth of the Debye layer are difficult to ob-
tain, the electroosmotic mobility is difficult to determine ab
initio. Fortunately, it is well known that, in the limit of thin
Debye layer (under high ionic strength conditions), the pro-
file of EOF is similar to that of the electric field [16, 41]. Thus,
the effect of such an EOF can be modeled through modifica-
tion of electrophoretic mobility of DNA molecules. In this
circumstance, the electrophoretic mobility of DNA mole-
cules ( �U

eðrÞ in Eq. 2) is to be replaced by an effective elec-
trophoretic mobility �U

eðrÞ þ IUEEOjrFðrÞj=Eav, where
UEEO is the electroosmotic mobility and Eav is the external
field strength. Based on comparison between the simulation
results and experimental results, it was found that the elec-
troosmotic mobility in this study is about 4/5 of the DNA’s
free-solution electrophoretic mobility.

2.5 Numerical method for discretization and

integration

The method of smoothed particle hydrodynamics (SPH)
discretizes the problem domain and the governing partial
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differential equations using a set of particles. In such a
method, an arbitrary continuous field function A(r) and its
derivatives qA(r)/qr at position r are approximated as the
weighted summation of their respective values over the
nearest neighboring particles rj, (j = 1, 2, . . ., M) within the
supporting domain of through a smoothing function W(r),
where r = ||r2rj|| and M is the number of particles in the
supporting domain. Since its invention in 1977 [42], these
methods have been successfully applied in many areas such
as astrophysics, fluid flows, material modeling, and other
multidisciplinary fields [43–45]. As all the calculations are
performed in a local support domain and the time integra-
tion is done explicitly, they are very efficient in computation.
The SPH method enables us to simulate a multiple repeat
nanochannel using structural data of only one repeat. The
detailed theoretical aspects of SPH, the definition/require-
ments of the kernel function W(r), and the integration of the
governing partial differential equations can be found in ref.
[43].

In our work, a unit cell of nanofilter is discretized with an
assembly of 6000 particles, each of which represents a frac-
tion of DNA solution within the nanoarray. All the field
functions including DNA concentration, electric field, orien-
tational entropy, flux density, etc. are calculated at the centers
of these particles. Specifically, the electric potential is calcu-
lated through solving the Laplace’s equation =2F = 0, with
insulating conditions qF/qn = 0 on the channel walls (n is
the normal vector of surface of the channel wall). Orienta-
tional entropy, translational diffusion coefficient, and elec-
trophoretic mobility are calculated from Eqs. (12), (6), and
(7), respectively, with r(r) and p(¨|r) determined numerically
by enumerating all possible values of ¨ and checking their

hindrances at position r. Master transport Eqs. (2) and (3) are
discretized and integrated using these smoothed particles to
obtain the evolution of DNA concentrations within the mod-
el channel over time. Concentration profiles along the chan-
nel axis are obtained by the summation of the amount of
DNA molecules in all the particles having the same coordi-
nate along the channel axis.

3 Results and discussion

In our experiments, the nanofilter is structurally a succes-
sion of the 2-D cells, each of which consists of a deep region
and a shallow region. The specifications of the nanofilter cell
are ds = 60 nm, dd = 240 nm, and ls = ld = 500 nm. The total
length of the nanochannel is eL = 1 cm, corresponding to a
repeat number of n = 10 000. Solutions of DNA molecules of
50, 150, and 300 bp are injected to the nanofilter channel
under the electric field strengths of 57, 29, and 14 V/cm,
respectively. Evolution time and band widths are obtained at
the end of the channel and are shown in Figs. 3 and 6,
respectively. We simulate these processes using the same
unit cell geometry, DNA sizes, and electric fields, and the
results are compared with the experimental ones.

Instead of modeling the full channel length, our numer-
ical simulation is performed using a model nanochannel
consisting of 20 repeats. Periodic boundary conditions are
applied to this 20-repeated structure in order to provide ap-
propriate boundary effects. At t = 0, the concentration of the
DNA molecule is set as 1.0 (arbitrary unit) within a narrow
band in the left side of the first repeat and the concentration
in other regions is zero. For t.0, the time and position

Figure 3. Comparison of simu-
lated evolution times with the
experimental ones. The simula-
tion evolution times agree well
with their corresponding experi-
mental data for 50 and 150 bp
DNA molecules. For a 300 bp
DNA, its evolution time is over-
estimated in the simulation due
to overestimated entropy bar-
rier.

© 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.electrophoresis-journal.com



Electrophoresis 2008, 29, 329–339 Miniaturization 335

dependent DNA concentrations are obtained through inte-
gration of Eq. (3) with no-flux boundary conditions (J?n = 0)
at the channel walls. The simulation results show that the
concentration profiles along the channel axis are compli-
cated because of the partitioning between the alternate wells
and slits. However, when we focus on time-dependant con-
centration values at the end of each repeat, we find that these
values are well described by a Gaussian zone undergoing
constant translation and broadening [46].

3.1 Effective zone formation and evolution

Assuming that the initial peak width is zero, the shape of the
zone undergoing constant spreading and translation
observed at time t by a detector located at a distance eL takes
the form [46]

yðeL; tÞ ¼ enffiffiffiffiffiffi
2p
p

sT
exp �ð

eL� eVtÞ2

2s2
T

" #
(16)

where en is the amount of the DNA; eV is the apparent travel-
ing velocity; and s2

T is the spatial variance of the Gaussian
zone. By assumption, s2

T increase linearly with respect to t,
that is

s2
T ¼ Gt (17)

where G denotes the combined zone broadening rate as the
DNA molecules are passing through the filtration device.
The peak passing time at distance eL is obtained from the so-
lution of equation qy/qt = 0

tPðeLÞ ¼ �Gþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G2 þ 4eL2eV2

p
2eV2

(18)

In our simulation, we obtain the peak passing time tpðeLiÞ at
the end of each repeat eLi ¼ i � lr; i ¼ 1; 2; . . . ; n. Parameters eV
and G are estimated from curve fitting using Eq. (18). Once G
and eV are known, evolution time and dispersion of the DNA
at the end of channel of any length can then be calculated
accordingly.

This expression of peak passing time in Eq. (18) ap-
proaches the widely adopted one tPðeLÞ ¼ eL=eV wheneL� G=eV . Therefore, as long as the channel length eL is sig-
nificantly larger than the plate height H ¼ G=eV , or the
number of plates are significantly greater than 1, electro-
phoretic velocity can be estimated from

eV ¼ eL=tPðeLÞ (19)

However, the maximum channel length is 20 mm in our model,
while the plate height is about 1–9 mm, corresponding to the
number of plates of 2–22. Therefore, we are not able to estimate
the parametersG from the peak width at half height, and eV from
Eq. (19), which are widely adopted in experimental studies.

Figure 3 shows the simulation and experimental results
of evolution times of DNA molecules of various sizes sub-
jected to different electric fields over 1 cm nanochannel. The
simulation results are in good agreement with the experi-
mental ones for 50 and 150 bp DNAs. However, the traveling
time for 300 bp DNA is overestimated in this simulation.
This difference has to be attributed to the factors that are not
considered in our simulation model. As the persistence
length of dsDNA is about 50 nm (,150 bp), DNA segments
of 300 bp are deformable under thermal fluctuations. In our
simulation, however, DNA molecules are treated as rigid
rods, thereby the entropy barrier at confined region is over-
estimated compared with the actual deformable molecules.
The result of this overestimation is that the traveling time of
the 300 bp DNA is longer than the experimental results.

3.2 Effects of spatial confinement on the diffusion

coefficient and the effective electrophoretic

mobilities in the shallow channels

When a DNA molecule is located in the confined space of a
nanochannel, some of its orientations are forbidden due to
the presence of the channel wall. For the nanofilter shown in
Fig. 1, the probability that DNA molecules are aligned in the
x-direction is much higher than that in z-direction if the di-
mension of the nanofilter is comparable to the length of the
DNA. As a result, components of the electrophoretic mobility
and diffusion coefficient in x-direction are larger than their
counterparts in z-direction. The longer the rod is, the higher
these differences are. In order to evaluate the effect of this
spatial confinement on the transport parameters, we define
relative diffusion coefficient and relative electrophoretic mo-
bility as the ratio of their values in confined space to their
respective isotropic free-solution values, that is

D0 ¼5Dd4
�Dd (20)

and

U0 ¼ ð5Ue4þUEEOÞ
ð �Ue þUEEOÞ

(21)

respectively, where the bracket ,?. represents the average
over all the particles in a specific domain. Among all the
components in the tensor D0and U0, D0xx, and U0xx have the
most significant effect as the external force are applied in this
direction and the motions in other directions are confined or
canceled by each other.

Figure 4 shows the values of D0xx and U0xx of DNA rods of
different sizes in deep and shallow regions of the nanoarray.
It could be seen that the effective electrophoretic mobility is
increased by ,40% for a 300 bp DNA in the shallow region
in x-direction compared with free-solution value, while the
increase for a 50 bp DNA is less than 10% based on the
structure of the nanoarray under investigation.
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Figure 4. Dependence of the rela-
tive diffusion coefficients and
relative electrophoretic mobilities
on the sizes of DNA molecules in
deep wells (d) and shallow slits (s)
of the nanofilter. Only compo-
nents in the direction of channel
axis (D0xxandU0xx) are shown be-
cause the effects of other compo-
nents are much weaker due to
spatial confinement in their rele-
vant directions. The relative diffu-
sion coefficient D0xx is close to 1.0
at all conditions, indicating that
the spatial confinement does not
affect the diffusion coefficient sig-
nificantly. In contrast, the relative
electrophoretic mobilities are
affected by the EOF and may
induce very large changes in U0xx.
In the cases where UEEO � � �Ue, a
small deviation in 5Ue

xx4 from
�Ue yieldsa much larger U0xx, which
will change the final mobility sig-
nificantly. For the studied experi-
mental conditions here, the effec-
tive mobility of 300 bp DNA rod is
about 1.4 times of that in bulk so-
lution in the shallow region of the
nanofilter (ds = 60 nm).

Such modification in the electrophoretic mobility may
produce a totally different sequence of evolution peaks com-
pared with that from wide channels where Dd and Ue are
approximately isotropic. The diffusion coefficient is also
affected by the constraints in the orientation space, but its
magnitude is much smaller than that of the effective elec-
trophoretic mobility.

3.3 Normalized mobility and size selectivity

The normalized mobility U* of the DNA through the nano-
filter array is defined as U	 ¼ eV=ðEavUmaxÞ, where Umax is
the maximum sieving free mobility. Experimentally, the
maximum sieving free mobility across the nanofilter array is
obtained by extrapolation of the mobility curve to a zero
length [14]. Size selectivity of the nanofilter device is char-
acterized by the derivative of normalized mobility with
respect to the DNA size, dU	=dN (N is the size of DNA in
bp). As shown in Fig. 5, the normalized mobility is depend-
ent on both the electric fields and the DNA sizes. Low field
strength leads to a steeper mobility slope, corresponding to a
better size selectivity. However, reducing the electric field
lengthens separation time, which will increase the disper-
sion and compromise the resolution of the separation. A
tradeoff between the size selectivity, separation time, and
peak dispersion is required to obtain optimized separation
results.

3.4 Band dispersion

As shown in Fig. 6, the dispersion data obtained from the
simulation are generally comparable in magnitudes to the
experimental data. However, the model-predicted dispersion
decreases as the DNA size or electric field strength increase,
while the experimental data show an almost length- and
field-independent dispersion behavior. These differences are
mainly due to the simplicity of our simulation model.

The band broadening in this simulation model is caused
by several mechanisms. The diffusive dispersion is induced
by the random Brownian motion of the DNA molecules. The
convective dispersion is due to the exponential decaying of
the concentration with time as DNA molecules are traveling
from one deep well to the next one (crossing the energy bar-
rier in the shallow slits). In addition, there is another disper-
sion arising from the field nonuniformity (which provides
different field lines for the molecules to take) in the deep well
of the device. Our method models all these dispersion
mechanisms appropriately. Among the three dispersion
mechanisms discussed above, diffusive dispersion would be
more severe for shorter DNA molecules, while the convective
dispersion would be independent of the DNA length.

Other factors that are not considered in this article might
include the stochastic dye attachment, the flexibility of DNA
molecules, and Joule heating etc. Nonuniform dye labeling
will definitely contribute to the dispersion (width of peak)
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Figure 5. Dependence of rela-
tive mobility on DNA sizes under
different electric field strengths
calculated from simulation data
with consideration of EOF.
Lower electric field leads to a
higher mobility difference for
DNA sizes, or a higher selectiv-
ity.

Figure 6. Experimental and
simulation dispersions under
different electric field strengths
against DNA sizes. Compared
with experimental data that are
generally size and field inde-
pendent, variances in simula-
tion are dependent on both fac-
tors. The deviation between the
experimental and simulation
data is due to the simplicity of
this model, in which only the
diffusive dispersion and con-
vective dispersion are con-
sidered. Other unconsidered
factors that might contribute to
dispersion may include flex-
ibility of molecules, stochastic
nature of dye attachment, etc.

because it causes the DNA molecules in the experiment to
have slightly different free-solution electrophoretic mobility.
Any modification of the electrophoretic mobility may cause
significant alteration in the effective electrophoretic mobility
in the presence of EOF. In addition, flexibility of the DNA
molecules is certainly a factor that contributes to the mis-
match between the experimental results and the simulation
data. We do observe that the fitting is getting worse as the
length of the chain increases, where the flexibility of the

DNA increases. However, we do not believe that Joule heat-
ing is a factor in our experiments, simply because the nano-
channels in the device are too thin (less than 500 nm, even in
“deep” region). Therefore, the amount of current going
through the system is tiny compared with other standard
microfluidic systems. Any temperature shift in this system
caused by Joule heating would be negligible [12, 14].

One should note that the selectivity of the nanofilter
sieving systems is more straightforward to simulate, com-
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pared with dispersion behavior. In most of the previous
modeling of nanofilters and entropic trapping device [15–17],
such as Brownian dynamics and dissipated participle
dynamics, the selectivity is obtained by simulating the
dynamics of a single DNA molecule through one nanofilter,
while the absolute value of the electrophoretic mobility is
usually one of the fitting parameters. Under such formula-
tion, the physics that are neglected in the model are
accounted for by the modifications in the (free solution)
electrophoretic mobility. However, such a method does not
work for calculation of dispersion. For these reasons, most of
previous modeling studies focus mainly on the selectivity,
not the dispersion. Our simulation model is developed to
predict the dispersion, as well as the mobility, by solution of
the continuum transport equation for a collection of mole-
cules in a nonsteady-state condition. The magnitude of EOF
is the only adjustable parameter that is used to fit the selec-
tivity. Although dispersions in some cases are under-
estimated due to omission of some factors mentioned above,
they are largely comparable in size. Based on the correctly
predicted mobility and approximately estimated dispersion,
a practical evaluation of the quality of a nanofilter array is still
achievable.

The deviations between the simulation data and the
experimental ones may also be due, in part, to the nonideal
shape of the nanochannel devices. Our simulation is based
on the ideal, square-shaped device structure, while the actual
nanofilter devices have rather sloped sidewalls between
nanochannels and deep wells [12]. In fact, micro/nanofluidic
channel sidewalls are rarely ideal as shown in Fig. 1, which
could have a significant impact on the separation of the
molecules in the system, leading to modified sieving/disper-
sion characteristics. We are currently implementing this
strategy to a device with sloped and nonideal deep well
structures, in order to study and optimize the device struc-
tures.

4 Concluding remarks

This article proposed a simulation model based on aniso-
tropic transport theory for simulating electrophoretic travel-
ing of the rod-like DNA molecules over repeated regular
nanofilter arrays. Unlike computationally expensive, sto-
chastic methods such as Brownian dynamics, this method
focuses on the behavior of a group of DNA molecules rather
than a single one. It is therefore capable of investigating
large time and length scale macroscopic phenomena. It also
provides the estimation of peak dispersion, which is often
computationally too expensive for stochastic modeling tech-
niques. It is shown that the orientational entropy barrier in
shallow slits plays a major role in the electrophoretic parti-
tioning of the rod-like DNA molecules of different sizes
across nanofilter arrays. In addition, the steric constraint in
the shallow region increases the mobility of longer rod-like
DNAs. This modification affects the separation results sig-

nificantly if the mobility of EOF is comparable with the
DNA’s free-solution electrophoretic mobility. It helps to
explain the complex experimental data of short DNA elec-
trophoresis over flat nanochannels observed by Pennathur et
al. [47] and Cross et al. [48]. More importantly, the realization
that the rotational diffusion affects the partition of aniso-
tropic particles (implemented through the mobility corre-
sponding to the entropic force) has significant consequences
in our understanding of many processes involving transport
of anisotropic particles in nanochannels. These findings are
critically important in design and optimization of nanofil-
tration devices for the separation of rod-like electrolytes and
charged particles of other geometrical shapes.
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